Multipartite quantum correlations, in spite of years of intensive research, still leave many questions unanswered. While bipartite entanglement is relatively well understood for Gaussian states, the complexity of mere qualitative characterization grows rapidly with increasing number of parties. Here, we present two schemes for transformations of multipartite permutation invariant Gaussian states by Gaussian local operations and classical communication. To this end, we use a scheme for possible experimental realization, making use of the fact that in this picture the whole N -partite state can be described by specifying the states of two separable modes. Numerically, we study entanglement transformations of tripartite states. Finally, we look at the effect our protocols have on fidelity of assisted quantum teleportation and find that, while adding correlated noise does not affect the fidelity at all, there is strong evidence that partial nondemolition measurement leads to a drop in teleportation fidelity.
I. INTRODUCTION
Gaussian states and operations, though a mere subset of continuous-variable systems, represent an important resource in quantum information processing and, particularly, in quantum optics [1, 2] . Their importance lies in the fact that they can be easily described using only the displacement and covariance matrix, the first and second statistical moments of the quadrature operators, making use of the formalism based on symplectic analysis; on the other hand, their experimental importance stems from the fact that Gaussian states can be generated and manipulated using coherent laser light, passive linear optical elements, optical parametric amplifiers, and highly efficient homodyne detection. All these tools enable us to generate Gaussian entanglement deterministically.
The significance of Gaussian states is further emphasized when studying entanglement. Compared to a general system of two N -level systems, where the question of bound entanglement is still an important topic of research, it has been shown that with two-mode bipartite Gaussian states separability is equivalent to positive partial transpose [3, 4] , and later it has been proved that this holds for any 1 × N-mode bipartite states [5] .
Multipartite Gaussian entanglement [6] , nevertheless, still represents a considerable challenge in our understanding of quantum correlations. Even restricting to scenarios where each party is in possession of only a single mode, the complexity of the system grows rapidly with increasing number of parties. While two-mode bipartite Gaussian states are either entangled or separable (depending on the positivity of the partial transpose, therefore easily determined), with three-mode tripartite entangled Gaussian states, there are five entanglement classes, depending on the separability of all three possible bipartitions of the state [7] , and, to the best of our knowledge, no such simple classification exists for Gaussian states of four parties.
* ondrej.cernotik@itp.uni-hannover. de Still, sufficient criteria for multipartite continuous-variable entanglement have been derived [8, 9] and additional methods for characterizing multipartite entanglement were proposed, e.g., using localization to two-mode entanglement [10, 11] , connection between multipartite entanglement and teleportation fidelity [12] , or using multipartite entanglement witnesses [13] . A need for better understanding of multipartite Gaussian entanglement is, moreover, motivated by recent advances in experimental generation of Gaussian cluster states [14] [15] [16] and by recent experimental demonstration of entanglement distribution using separable states [17, 18] .
In this paper, we analyze protocols for transformations of multipartite Gaussian states by local Gaussian operations and classical communication. We are mainly interested in a qualitative characterization of entanglement; therefore, our numerical results concern only tripartite Gaussian states that still can be unambiguously classified, adopting the terminology of Ref. [7] . In addition, this approach is similar to that of Giedke and Kraus [19] , who were, nevertheless, interested in a more general equivalence of N -mode entangled Gaussian states, while we propose specific protocols to achieve this task. Moreover, the focus of Ref. [19] lies in Gaussian local unitaries, whereas our protocols use a wider class of Gaussian local operations and classical communication.
Second, our motivation is also to generalize protocols for full symmetrization of bipartite Gaussian states [20] . Our generalization is twofold-not only do we consider a higher number of modes but we also relax the condition of full symmetry. By fully symmetric, we mean states that are not only invariant with respect to the exchange of the two modes but also have equal amplitude and phase variances and exhibit equally strong correlations in both quadratures. Our generalization works again with permutation symmetric states, i.e., states that are not changed by exchanging any two modes; however, we do not require equal variances nor correlations.
The rest of the paper is organized as follows. We review the description of Gaussian states and operations in Sec. II. Here, we also present a scheme of equivalent state preparation that enables us to describe the N-partite states using only two separable modes. Individual strategies used for transformations of symmetric Gaussian states are introduced in the following sections. Specifically, protocol based on correlated noise addition is studied in Sec. III, and the use of partial nondemolition measurement is investigated in Sec. IV. In Sec. V, we study assisted quantum teleportation with permutation invariant Gaussian states and investigate the effect of the aforementioned protocols on the teleportation fidelity. Finally, we conclude in Sec. VI.
II. MATHEMATICAL PREREQUISITES
Starting from creationâ † j and annihilationâ j operators, we can introduce the amplitude and phase quadratures asx j = a j +â †
T , we can write the commutation relations using the symplectic form [2] = N j =1 ω:
as [r j ,r k ] = 2i jk . Gaussian states, i.e., states with a Gaussian phase-space representation (e.g., the Wigner function), are then described using first and second statistical moments of the quadrature operators, the mean valuer = Tr(rρ), and the covariance matrix with elements γ jk = { r j , r k } /2, where r j =r j − r j and {,} denotes the anticommutator. Note that the mean value can be changed deterministically using local displacements and does not affect the entanglement of the state. We will, therefore, use only the covariance matrix to describe Gaussian states; we will often use the covariance matrix as a full state description instead of the density matrix, speaking of state γ when referring to stateρ. Gaussian unitary operations, i.e., unitaries that map Gaussian states to Gaussian states, can be described by their action on the covariance matrix [1, 2] 
where S is a symplectic matrix; general Gaussian completely positive maps can, nevertheless, also be described using the covariance matrix formalism [21, 22] . In the following, we will consider permutationally invariant Gaussian states with the covariance matrix
Here, ν and σ are 2 × 2 matrices describing the mode covariance and the intermodal correlations, respectively. We assume canonical form, with diagonal ν and σ ; as a consequence, these matrices can be parametrized either by the specific variances and correlations, ν = diag(m,n), σ = diag(c, − d), or using the ratio of the diagonal terms,
1. An effective scheme for preparation of the studied states. The input mode N is distributed equally among all output ports, resulting in a permutationally invariant output state. The main reason for introducing the scheme is, however, to simplify the analysis of the investigated protocols.
In Fig. 1 , we show how to prepare such states in an experimental realization. Such a scheme was originally proposed by van Loock and Braunstein [23] for three modes and later used in experiments demonstrating generation of multipartite Gaussian entanglement [6] and assisted quantum teleportation [24] . The N modes, N − 1 of which are in an identical thermal squeezed state with noise n 1 and squeezing r 1 while the remaining mode has thermal noise n N and squeezing r N , are superimposed on an array of beam splitters with transmittance-reflectance ratios (N − 1) : 1, . . . ,1 : 1. The effect of this setup is to distribute the N th mode (i.e., the only different one) equally among all output modes. Denoting the variances of the input quadratures V x = n 1 e 2r 1 ,
N , and assuming the beam splitters imprint a phase shift of π on modes 1, . . . ,N − 1 upon reflection, it is a straightforward task to show that the following relations between input variances and parameters of the output covariance matrix hold:
or, inversely,
With the use of the presented experimental scheme, we can significantly simplify the investigation of the protocols used for transformations of the states. Denoting the covariance matrix of the input state of the N -port beam splitter as γ in and using B to describe the N -port beam splitter transformation, we have the relation γ = Bγ in B T . If we consider a symplectic transformation S on the state γ and use the fact that BB T = B T B = I , where I is the identity, we can write
Instead of performing the operation S on the state γ (which would be, in an experiment, prepared by mixing the modes of the state γ in on the N-port beam splitter B), we can thus perform the operation B T SB on the state γ in and then mix its modes on the N -port beam splitter B. As a result, this description enables us to consider the effect of the transformation B T SB on the separable state γ in (which will, in most cases, result in local transformations on each mode) instead of calculating the overall transformation S on the whole (possibly entangled) state γ . Moreover, if the operation factorizes into a product of identical local single-mode operations (as is often the case since we want to preserve the permutation invariance), the operation is unaffected by the N-port beam splitter and it does not matter if we apply the transformation on the input or output modes, as can be proved by writing the symplectic operation in block form [25] .
To qualitatively characterize entanglement of the input and output tripartite states, we follow the approach of Ref. [7] . These states can belong to five entanglement classes, three of which are relevant for permutationally invariant states. The states can be fully entangled, i.e., inseparable with respect to any bipartition of the state; fully separable; or bound entangled, i.e., separable with respect to any bipartition, yet not expressible as a mixture of product states of the three subsystems. Adopting the terminology of Ref. [7] , the states are said to belong to entanglement class I, V, and IV, respectively. As an example, in Fig. 2 , we show entanglement classes for states with m = n = 4 (a) and m = 4, n = 1.5 (e). While it is not clearly visible in the figure, bound entangled states form a boundary between fully separable and fully entangled states of a finite width. Thus, it is in principle possible to create these states in a laboratory, given the experimental error is sufficiently small.
III. CORRELATED NOISE ADDITION
The first approach for transformations of symmetric Gaussian states we study is based on adding correlated noise to each mode of the N -partite state. This can, in practice, be accomplished performing random local displacements x j → x j + x n , where x n is a Gaussian random variable with zero mean and variance V N /2. The effect of the noise addition, in terms of covariance matrices, is given by
where γ is the covariance matrix of the input state and γ n describes the added noise; it is composed of 2 × 2 blocks α = diag(V N ,0). We can see that the added noise increases correlations between amplitude quadratures of individual modes; if the amplitude quadratures are initially correlated, i.e., c > 0 in off-diagonal blocks σ = diag(c, − d) in the original covariance matrix, these correlations are increased.
On the other hand, the noise also increases variance of the Area A (dark gray) represents fully separable states of class V; area B (black) shows fully entangled states, i.e., states belonging to class I; while in area C (gray) bound entangled states, or states of class IV, are shown. Area D (large areas of light gray) shows states that cannot be brought to a state with required values of k 1,2 using the given protocol, and unphysical states are shown in white. Note that, although the set of bound entangled states is very small compared to both classes I and V, it has a nonzero measure. The required output state ratios k 1,2 in panels (b)-(d) and (f)-(h) are k 1 = 1 and k 2 = 2 for panels (b) and (f), k 1 = 2 and k 2 = 1 for panels (c) and (g), and k 1 = 3 and k 2 = 1 for panels (d) and (h). Moreover, numerical calculations suggest that only the ratio k 2 /k 1 is relevant; i.e., parameters k 1 = 2 and k 2 = 4 would reproduce the results of panels (b) and (f). Finally, the behavior with different values of input variances m and n is qualitatively the same. amplitude quadrature of each mode. As we will see in Sec. V, these two effects exactly cancel each other when using the state for quantum teleportation. Thus, this procedure does not increase quantum correlations between modes, as one might naively expect from the increase of correlations c.
After adding correlated noise, all parties perform additional squeezing on their mode; the whole protocol is sketched in Fig. 3 . Using the effective scheme in Fig. 1 , the protocol corresponds to adding Gaussian noise with variance NV N to mode N and performing squeezing on each mode. The former can be seen by propagating the noise covariance matrix γ N through the N-port beam splitter B; the latter is a consequence of the fact that the squeezing is the same on each mode and is therefore, as discussed in Sec. II, invariant to the beam splitter transformation. Taking this into account, the transformation can be described in the effective scheme by
with a = e 2r giving the squeezing. Using Eqs. (4)- (7) and requiring the ratios k 1 = n /m , k 2 = d /c in the output state (throughout the paper, we parametrize output states by primed quantities and input states by unprimed ones), we obtain the solution
and the physicality of the squeezing and noise is given by the conditions nc m
The permutation invariant multipartite Gaussian states are described using four real parameters, quadrature variances and correlations, while the transformation protocol has two degrees of freedom, the noise variance and the squeezing. When generalizing protocols for full symmetrization to operations preserving the permutation symmetry, it is therefore natural to vary the variance and correlation ratios k 1,2 . Nonetheless, it is also possible to choose a different pair of parameters that ought to be changed by the protocol. Consequently, our approach is of a more general applicability-the equations describing the effective scheme transformation Eqs. (14)- (17) together with the relations between the effective scheme and original state Eqs. (4)- (7), and the required pair of parameters can be used to give the required noise variance and squeezing. This generalization is also possible with the protocol based on partial quantum nondemolition (QND) measurement that is introduced in the next section.
We study the transformations of entanglement classes of tripartite states by this protocol in Fig. 2 In other words, while the boundary of fully separable and bound entangled states stays fixed, the border between bound entangled and fully entangled states moves slightly into the region of fully entangled states. We conclude this section by noting that for different values of amplitude and phase variances the behavior is analogous in all respects discussed here.
IV. PARTIAL QND MEASUREMENT
The second strategy, which is schematically illustrated in Fig. 4 , is based on a quantum nondemolition (QND) interaction
FIG. 4. Scheme of protocol for symmetric Gaussian state transformation based on partial QND measurement. Each mode undergoes a nondemolition interaction of strength g with an ancillary mode that is subsequently measured. After the measurement results are made public, each party performs a displacement d on its mode. In the end, each mode is subject to squeezing S.
with auxiliary modes, initially in the vacuum state. The ancillas are subsequently measured and, depending on the measurement results that are announced publicly, each party performs a displacement on their mode. Finally, each mode is subject to squeezing.
As both QND interaction and squeezing are the same on each mode, these operations commute with the N-port beam splitter for effective state preparation of Fig. 1 . In terms of the separable modes of the state preparation scheme, the overall transformation reads
and similarly for W x and W p . Here, g is the strength of the QND interaction and a gives the squeezing. Similarly as with noise addition strategy, requiring variance and correlation ratio k 1 = n /m , k 2 = d /c at the output, we get the set of equations
where Figs. 2(f)-2(h) . Compared to the correlated noise addition strategy, entanglement class is preserved for every input state. In addition, a larger subset of entangled states can be transformed for each set of protocol parameters than with the noise addition protocol. Finally, the situation for different values of input variances m, n is qualitatively the same.
V. ASSISTED QUANTUM TELEPORTATION WITH SYMMETRIC GAUSSIAN STATES
While entanglement classification is useful in order to understand the qualitative features of quantum states and the transformations we presented, for any practical applications of entangled states a figure of merit is required that would characterize how well a given task can be performed with a given state. Most generally, entanglement can be quantified by entanglement measures, some of which have been proposed for multipartite Gaussian states [26, 27] ; nevertheless, their calculation requires, in the case of mixed states, taking the Gaussian convex roof, making the calculation rather cumbersome. Therefore, we use an operationalistic approach and are interested in the fidelity of assisted quantum teleportation [23, 24] , as shown in Fig. 5 . Alice, who wants to teleport an unknown coherent state to Bob, performs a Bell measurement on the teleported state and her mode of the entangled state. Other parties help to improve the teleportation fidelity by certain measurements on their modes. Finally, all
(a) Scheme of assisted quantum teleportation with three parties. Alice performs a Bell measurement on mode A of the entangled state with an unknown coherent state in mode "in" she wants to teleport to Bob and announces the measurement result. Charlie helps to maximize the teleportation fidelity by performing a certain measurement on mode C and announcing the result. (b) Detail of Charlie's measurement. Charlie splits mode C on a beam splitter with amplitude transmittance t and reflectance r and performs homodyne measurements of the outputs. In the limit t → 0, he recovers the homodyne measurement of the x quadrature while, for t → 1, the p quadrature of the mode C is measured. Finally, t = 1/ √ 2 corresponds to a heterodyne measurement of mode C. measurement results are publicly announced so that Bob can perform suitable displacements and get the teleported state.
To find an optimal measurement for the third party, Charlie, in the case of quantum teleportation with three parties, we proceed as follows: We start from the covariance matrix of the tripartite state:
to which we add a fourth mode D in the vacuum state, γ ABC ⊕ I D . Modes C and D are subsequently mixed on a beam splitter with transmittance t, and the phase (amplitude) quadrature of mode C (D) is then measured. Thus, we can write the resulting covariance matrix of the modes A and B in block form:
The teleportation fidelity can be expressed as [28] 
where E = 2D + RAR T + RC + C T R T + B, D = I is the covariance matrix of the teleported coherent state, and, assuming c > 0, d > 0 (this corresponds to Alice measuring
; the optimal choice is T = 1, corresponding to a homodyne measurement of p quadrature by Charlie. For the teleportation fidelity, we thus get
By comparison with teleportation in the bipartite case,
(by virtue of generalizing the result in Ref. [20] ), we see that Charlie's measurement maximizes anticorrelations in Alice's and Bob's phase quadratures while preserving correlations in x.
A. Correlated noise addition
Let us turn our attention to the scheme based on adding correlated noise and its effect on the teleportation fidelity. The first important observation is that the amount of added noise does not influence the teleportation protocol, as can be seen by noting that the noise variance enters the transformation formulas solely in Eq. (16) . As a result, its contributions in the expressions for amplitude variance and amplitude correlations, Eqs. (4) and (6), cancel each other in the formula for fidelity, Eq. (30) . In other words, while adding correlated noise increases the intermodal amplitude correlations, it also leads to an increase of the amplitude variance, and these two effects exactly cancel each other. This holds also in the bipartite case; then, the fidelity takes the form
, keeping the crucial term m − c . This suggests that the finding is of a more general nature-while it is necessary to keep both noise addition and squeezing to obtain an arbitrary combination of variance and correlation ratios [but, naturally, within bounds given by the physicality of the expressions Eqs. (18) and (19)], only the squeezing is responsible for the increase in teleportation fidelity.
The optimal squeezing for a tripartite resource state can be found by taking the derivative of the argument of the square root in Eq.
2 /n )]/∂a and putting it equal to zero. A straightforward calculation leads to the result
In addition, it is easy to check that the second derivative is positive; hence the expression (m − c + 1)(n − d + 1 − 2d 2 /n ) reaches its minimum and the fidelity is maximal.
In an experimental realization, however, it is not necessary to perform squeezing on all modes of the entangled state. Squeezing of Charlie's mode is directly followed by a homodyne measurement; hence, it can be emulated by properly rescaling the measurement result. Similarly, rescaling the result of Alice's Bell measurement corresponds to squeezing both of her modes. In addition, if both squeezing parameters are the same, the squeezing operations can be propagated through the balanced beam splitter, as discussed in Sec. II. As a result, proper rescaling of Alice's measurement outcomes (without squeezing her mode of the entangled state) corresponds to teleporting a squeezed version of the input state. Therefore, instead of Alice and Charlie performing squeezing on their respective modes, Bob can equivalently rescale the classical signals corresponding to their measurement outcomes to obtain a squeezed version of the input state. Applying inverse squeezing (either on the mode or on his measurement data), Bob can recover the original input coherent state.
To demonstrate the power of squeezing to improve teleportation fidelity, in Fig. 6 , we study the teleportation fidelity as a function of squeezing for several resource states. Comparison with initial fidelity (the dashed lines in Fig. 6 ) shows that the best improvement of teleportation fidelity can be achieved with states with high initial noise [ Fig. 6(a) ]; this conjecture has been supported by extensive numerical calculations. The optimal squeezing is, in the case of Fig. 6(a) , about 6 dB, which would be very difficult to realize perfectly in an experiment; note that general noise introduced by imperfect squeezing would, in contrast to correlated noise added to amplitude quadratures, lead to a drop in the teleportation fidelity. Nevertheless, the curve in Fig. 6(a) is rather flat around the maximum, making it possible to use lower squeezing without much decrease in fidelity. Even with 3 dB of squeezing, it is possible to reach an enhancement of almost 20%. In general, numerical calculations suggest that the higher the optimum squeezing is the wider the maximum is, making it possible to use smaller values of squeezing and still achieve significant increase in teleportation fidelity. 
B. QND interaction
A general analysis is more complicated in the case of the protocol with partial QND measurement. In this case, it is not possible to find a closed formula for optimal interaction strength g. Nevertheless, if we use the transformation formulas Eqs. (21) and (22) and plug them into formulas for the covariance matrix parameters Eqs. (4)-(7) it can be shown that F → 0.5 for g → ∞ independent of the resource state. This follows by finding QND-interactionstrength-dependent optimum squeezing a opt from ∂[(m − c + 1)(n − d + 1 − 2d 2 /n )]/∂a = 0 and taking the limit to arrive at lim g→∞ (m − c + 1)(n − d + 1 − 2d 2 /n ) = 4. Similarly, we can reach a local extremum in fidelity by setting g = 0. Extensive numerical calculations suggest that these are the only two possible maxima of the teleportation fidelity as a function of the interaction strength.
To illustrate this point, in Fig. 7 , we plot the teleportation fidelity as a function of interaction strength for several resource states. While there can, in general, be a local minimum for a finite nonzero interaction strength [such as in Figs. 7(b) and 7(c)], only g = 0 or g → ∞ can play the role of a local maximum. If the former choice is true, this corresponds to improving the fidelity by squeezing alone, as discussed in the previous section; the latter option leads to a projective measurement of the multipartite resource state, followed by a measure-and-prepare strategy which cannot exceed the F = 0.5 bound and is, for this reason, of little interest.
VI. CONCLUSIONS
In summary, we investigated two protocols for transformations of permutation symmetric Gaussian states by means of local Gaussian operations and classical communication. In the transformations, we were interested in keeping the permutation invariance of the state while changing the ratio of amplitude and phase variances and correlations.
While the transformation parameters are determined generally for any number of parties, our numerical analysis is focused on tripartite states, as they constitute the simplest class of multipartite states in terms of entanglement classification, having three entanglement classes that permutation symmetric Gaussian states can fall into-fully entangled, bound entangled, or fully separable states.
First, we considered a protocol based on adding correlated noise followed by a local squeezing operation. In this setup, states with correlations in amplitude and anticorrelations in phase quadratures keep their entanglement class, apart from a very small subset of fully entangled states that become bound entangled, if the noise is added in the amplitude quadratures. This does not hold for states with anticorrelations in amplitude, since adding correlated noise to the anticorrelated quadrature decreases the anticorrelations. As a result, the entanglement is degraded for states with correlations in phase and anticorrelations in amplitude; nevertheless, this can be avoided if one adds the noise to the phase quadratures instead.
Next, we used quantum nondemolition interaction with ancillary vacuum modes and local squeezing. This approach is experimentally more challenging (QND interaction can be achieved by interaction of light modes with atomic ensembles [29] or in cavity quantum optomechanics setups [30] , or it can be emulated using linear optics and additional modes [31] ), but this approach has two major advantages compared to the noise addition scheme. First of all, this quantum filtering protocol preserves entanglement classes for all input states, and, second, for given values of variance and correlation ratio, a larger subset of fully entangled states can usually be transformed, indicating a better applicability of this protocol. Similar to the noise addition strategy, the possibilities of the protocol can be improved by considering partial QND measurement of the phase quadrature.
Apart from the transformation protocols, we also introduced an experimental scheme for generation of permutation symmetric Gaussian states. This setup is relevant not only from an experimental point of view but also because it significantly simplifies description of studied states and theoretical analysis of the protocols. In fact, this approach can in future be used to assess properties of other feasible protocols for manipulations of permutation invariant Gaussian states.
Finally, we also investigated the fidelity of assisted quantum teleportation with permutation symmetric Gaussian states to get a quantitative characterization of the change of the structure of the multipartite entanglement. For correlated noise addition strategy, we showed that the amount of added noise does not affect the fidelity at all and optimum squeezing that maximizes the teleportation fidelity can be found. On the other hand, in the QND interaction protocol, the fidelity depends on the interaction strength. We identified two possible fidelity maxima-for zero interaction strength, meaning there is no nondemolition interaction with an ancillary system, and for infinitely strong interaction, corresponding to a projective measurement and a classical measure-and-prepare teleportation strategy; our numerical results suggest that there are no other possible maxima for teleportation with tripartite states. Thus, while the QND interaction protocol serves better than the correlated noise addition strategy when only entanglement classification is concerned, it degrades the teleportation fidelity. While teleportation fidelity cannot be viewed as an entanglement measure, as it can be deterministically affected by local operations and classical communication, it would be interesting to investigate whether a similar result holds also for entanglement measures (such as Rényi entropy of order
